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Abstract. The question of what conditions guarantee that a symplectic S 1 action is 
Hamiltonian has been studied for many years. In [9] Sue Tolman and Jonathon Weitsman 
proved that if the action is semifree and has a non-empty set of isolated fixed points then 
the action is Hamiltonian. Furthermore, in [ ] Cho, Hwang, and Suh proved in the 6- 
dimensional case that if we have 6^ = 1 at a reduced space at a regular level A of the 
circle valued moment map, then the action is Hamiltonian. In this paper, we will use this 
to prove that certain 6-dimensional symplectic actions which are not semifree and have a 
non-empty set of isolated fixed points are Hamiltonian. In this case, the reduced spaces 
are 4-dimensional symplectic orbifolds, and we will resolve the orbifold singularities and 
use J-holomorphic curve techniques on the resolutions. 



1. Introduction 

1.1. Statement of Results. Consider a closed symplectic manifold (X 6 ,lo) with a sym- 
plectic S 1 action. In this note, we will prove a special case of the following conjecture. 

Conjecture 1.1.1. If (X 6 ,lo) has a symplectic S 1 action which has a non-empty set of 
isolated fixed points, then the action is Hamiltonian. 

In order to prove this, we will consider the case where the action is not Hamiltonian. 
In this case, McDuff noticed that if the symplectic class is integral, the circle action is 
determined by a moment map with values in S . By perturbing the symplectic form, we 
can assume that [u] is rational so that a large multiple of [oj] is integral, so that we can 
always assume have such a moment map. Moreover, we also have no critical points of index 
or co-index 0, or of odd index or co-index. In particular, we only have critical points of 
index 2 and 4. 

For each A in S , we can form the reduced space M\ by first considering $ _1 (A), where $ 
is the moment map, and then quotienting this by the S 1 action. The resulting space will in 
general be a four dimensional symplectic orbifold with orbifold singularities corresponding 
to non-trivial isotropy of the S 1 action. We assume that all orbifold singularities are isolated 
points. We will resolve these singularities by successive blowups, which adds curves of self 
intersection —2 or less. We denote the resulting space M\, and we call it the resolution of 
M\. For more details on these resolutions, see section 2. 

We will use the following theorem of Cho, Hwang, and Suh from [1] to prove a special 
case of Conjecture 1.1.1 above. 

Theorem 1.1.2. Let (X 6 ,u) be a closed symplectic manifold with a symplectic S 1 action 
with non-empty fixed point set. Then if there exists a regular value A of the S 1 moment 
map such that the reduced space M\ satisfies 6^"(M^) = 1, the action is Hamiltonian. 
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Remark 1.1.3. Since the blowup operation has no effect on b£ , it is sufficient for us to 
consider the resolutions M\ instead of M\ in order to show b% = 1 at some regular level. 
In particular, we always have {M\) = b\ (M\). 

In this note, we will prove the special case where our S 1 actions have isolated fixed points 
with isotropy weights (±f>, ±g, =Fl), where here we assume that gcd(p, q) = 1. 

Theorem 1.1.4. Suppose we have a closed symplectic manifold (X e ,co) with a symplectic 
S 1 action with a non-empty set of isolated fixed points, all of whose isotropy weights are 
either (±Pi, ±qi, =Fl), where pi > qi and gcd(pi, qi) = 1, and such that the S 1 action has no 
codimension 2 isotropy. Then the S 1 action is Hamiltonian. 

Remark 1.1.5. In [5], Godinho's main theorem implies the above result if we add the 
assumptions that for some p > q, all the pi = p, all the qi = q, and p ^ q + 1. Additionally, 
Godinho's proof works for more general (p, q, —r) singularities as well, where again all fixed 
points are assumed to have the same isotropy weights up to sign. Thus, our main theorem 
proves a different special case of the conjecture than Godinho's main theorem does. 

1.2. Summary of Main Argument. We now briefly summarize the main points of the 
argument. For definitions and further details, see sections 2 and 3. 

Let Aj be a critical value of the moment map with isotropy weights (±pj, ztg,, =pl). We 
will show that at Aj, the reduced spaces M\ of the S 1 action change by a (pi, qi) -weighted 
blowup. We will further show that if we resolve the corresponding orbifold singularities to 
form M\, then this blowup produces two chains Z\ and Z 2 of non-generic curves connected 

by a curve E which has E 2 = — 1 and is an exceptional divisor. In particular, E has a 
non-trivial Gromov invariant, and so this curve persists under perturbations. We then use 
holomorphic curve techniques on this curve to demonstrate that the reduced spaces must 
satisfy b^ = 1, so that by Lemma 1.1.2, the action is Hamiltonian. 

Remark 1.2.1. We can easily recover the 6-dimensional case of [9] where the action is 
semifree and has isolated fixed points using the above argument. Namely, in the semifree 
case, there are no orbifold points and all the blowups are standard smooth blowups. Thus, 
in this case we don't have the curves Z % - corresponding to the orbifold singularities and all 
of the curves that appear in blowups and blowdowns are exceptional divisors, which greatly 
simplifies the J-holomorphic curve arguments. 

1.3. Acknowledgments. I would like to thank Dusa McDuff for her help in suggesting 
the topic, suggesting the main approach, and also helping to refine the arguments in the 
paper through countless revisions. 

2. Definitions and Technical Lemmas 

In this section, we will build up the tools necessary to prove Theorem 1.1.4. We begin 
by giving a general discussion about orbifolds. 

2.1. Orbifolds. We first give the definition of an orbifold. To do this, we first define a 
local uniformizing chart. 

Definition 2.1.1. Let M be a topological space, and let x £ M be a point. Then a C°° 
local uniformizing chart at x is a 4-tuple (U, U, T, (f>) where U is a neighborhood of x 
in M, U C M 4 , r is a finite group acting on U by diffeomorphisms, and 4> '■ U — )■ U is a 
continuous, equivariant map so that (p : U /T —> U is a homeomorphism. 
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Using this, we can now define an orbifold 

Definition 2.1.2. Let M 4 be a compact Hausdorff topological space and let xi 6 M 4 , 
i = l,...n be points. Then M is a smooth orbifold if there are C°° local uniformizing 
charts (Ui, Ui, Tj, fa) at xi so that Ui D Uj = if i ^ j and M 4 \ {xi, . . . , x n } is locally 
Euclidean. Furthermore, if (Ui,Ui,Yi,fa) are such local uniformizing charts, a smooth 
orbifold structure is given by a finite open cover C of M by C°° local uniformizing charts 
(Ui, Ui,Ti, (pi) so that if i > n, Tj is the trivial group and so that if Ui n Uj ^ where j > n, 
then 

faj = <P~ X o fa : <j>-\Ui n Uj) cu^ cf>-\u t n u s ) c Uj 

is a diffeomorphism. 

Remark 2.1.3. One can define differential forms in this context in the usual way by defining 
them on each local uniformizing chart. In this fashion, it can be shown that all the usual 
theory of differential forms, including De Rham cohomology and Poincare duality carries 
over to the smooth orbifold case. Additionally, one can define a symplectic orbifold in the 
obvious way. 

This leads to the definition of an orbifold singularity 

Definition 2.1.4. Let M 4 be an orbifold. A point x € M will be called an orbifold 
singularity of order r and type (p, q) where gcd(p, r) = gcd(g, r) = 1 if there is a local 
uniformizing chart (U, U, Z r , fa) near x so that Z r acts on U CR 4 = C 2 by 

az 1 ,z 2 )^(ezi^ q z 2 ) 

where £ = e r . Notice that this action is free away from the origin and has an isolated 
fixed point at the origin. 

Remark 2.1.5. The above definitions are much simpler than the general definitions of 
an orbifold and an orbifold singularity. By the standard terminology, the above would be 
considered an isolated orbifold singularity. In general, it is not necessary to assume that 
orbifolds are 4-dimensional or that orbifold singularities are isolated, but in our case, these 
are the only types of orbifolds we will encounter. 

We now discuss what it means to say that two orbifolds are the same 

Definition 2.1.6. Let M,N be smooth orbifolds, where xf 4 are the orbifold points of M 
and Xj 1 are the orbifold points of N. Then if i, j = 1, . . . n and (U* , Uf~ , r^, 4>f ) is a local 
uniformizing chart for xf with X = M, N , we will say that 

4> : M — > N 

is a diffeomorphism if the following conditions are satisfied. 

(1) (^(xf 1 ) = xf , up to reordering. 

(2) (f> : M \ {x^ 1 , . . . ,x^f} — > N \ {xf , . . . ,xf} is a diffeomorphism 

(3) The local uniformizing charts can be chosen so 4>(U^) = Uf . Also, <fi lifts to 

<Pi - Ui — > Ui 

where (pi is an equivariant diffeomorphism. In other words, there is a group isomor- 
phism h-.Tf 1 -»• Tf so that 

4>i{i ■ (zi, z 2 )) = h(£) ■ <j> i (z 1 ,z 2 ) 
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for £ G rf and (zi,^) G ^ 



We finish this section by proving a lemma which discusses the extent to which the type 
of an order r orbifold singularity is preserved under such a diffeomorphism 

Theorem 2.1.7. LetM,M' be orbifolds, <fi : M — > M' a diffeomorphism, andx,x' orbifold 
singularities of M, M' respectively so (f>(x) = x' . In particular, both x and x' have the same 
order, which we call r. Then if x is of type (l,q), we must have x' of type (1,</) where 
gcd(q,r) = gcd(g',r) = 1 and either q' = ±q mod r or qq' = ±1 mod r. Furthermore, if 
(f) is orientation preserving, q' = q mod r or qq' = 1 mod r 

Proof. As above, if we have such a diffeomorphism cf> : M — > M' so <p{x) = x' , then there 
are local uniformizing charts (U,U,T,ip) and (U',U', V , ip') at x,x' respectively so that 
4»{U) = U' and furthermore, there is an isomorphism h : T — > V and a lift 4> of 4> so that 

4>{Z, - (zi,z 2 )) = h(C) ■ 4){zi,z 2 ) 

for £ G T and (z\, z 2 ) G f/ where by assumption T and r" are copies of Z r acting diagonally 
with weights (l,q) and (l,q')- 

Consider the derivative of 4> at the origin. We can identify TqU and TqU' with copies of 
C 2 in the standard way. Furthermore, the actions T and F' on U and U' give corresponding 
actions on TqU and TqU' under the identification to C 2 . In particular, we get a real linear 
diffeomorphism 

$ := d% : C 2 — ► C 2 

so that 

i>(t-(z 1 ,z 2 )) = h{0-ip(z 1 ,z 2 ) 

for £ G r and (z±, z 2 ) G C 2 . Additionally, tp is orientation preserving if and only if <fi was 
orientation preserving. Now let C 2 = M 4 , and let A, A' denote the linear symplectomor- 
phisms £■ and determined by the actions of T and T', where £ and are generators 
of T and T'. Then A and A' have the matrices 

A _(R{0) \ A ,_(R(k9) 
A ~ V R(q6) J A ~ \ 

where 6 = ^f- and for any real number a, -R(a) denotes the 2x2 rotation matrix with angle 
a. Thus, by the above we have a commutative square of real linear maps 



Tensoring with C gives a corresponding commutative square of complex linear maps 



C 4 



c 4 



4' 



A simple computation then shows that the complex linear transformation Ac has eigen- 
values ±6 and ±q9 with corresponding eigenvectors v%. Multiplying by a complex 
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number if necessary, the corresponding real vectors v\ formed by taking the real part of v 1 ^ 
will form a basis of M 4 . We denote Vi the basis of M 4 corresponding to the ordering vg, v-g, 
v q e, v_ q g. Similarly, A' c has eigenvalues ±k9 and ±kq'9 with corresponding eigenvectors w^. 
As before, taking real parts gives us a corresponding basis of M 4 denoted Wi corresponding 
to the ordering w ke , w_ ke , w kq , e , and w_ kq > g . 

Since is complex linear and fits into our commutative square, Vc must preserve 
eigenvectors and eigenvalues. In particular, i/)c( v g) = f° r some ^ = ±k9,±kq'9. In 
particular, we must have that one of kO, —k9, kq'9, or —kq'9 equals 9 mod 2ir. However, 
r9 = 2ir, so if 9 = ±k9 mod 2tt, then k = ±1 mod r and thus, we must also have q = ±q' 
mod r from the other eigenvalues. Correspondingly, if 9 equals ±kq'9, then we must have 
kq' = ±1 mod r and we must also have q = ±k mod r from the other eigenvalues. Thus, 
the only possibilities are q' = ±q mod r or qq' = ±1 mod r, as desired. Thus, it only 
remains to show that if 4> ls orientation preserving, we have q' = q mod r or qq' = 1 
mod r. 

To see this, notice that since we know ipc preserves eigenvectors and eigenvalues, then 
up to rescaling there is only a finite number of possibilities for ipQ. Namely, 9 = ±k9, ±kq'9 
gives 4 choices, and for each choice, there is a corresponding choice of sign in what happens 
to the eigenvalues ±q9. Thus, there are 8 total possibilities for the complex linear map 
ip. An easy computation shows that exactly 4 of the choices for tpc correspond to an 
orientation preserving i/j on I 4 , where two of them correspond to q' = q mod r and the 
other two correspond to qq' = 1 mod r. □ 

2.2. Resolutions and Almost Complex Structures. In this section, we will discuss res- 
olutions of orbifold singularities. We begin by giving a nice reinterpretation of a symplectic 
orbifold in terms of symplectic reduction. 

Lemma 2.2.1. Consider the symplectic manifold C 3 with its standard symplectic structure 
and consider the standard diagonal circle action with weights (p, q, —r) on C 3 given by 

A • (zi, z 2 , z 3 ) = (X p zi, X q z 2 , X~ r z 3 ) 

where A = e 2mX . Notice that this action has a Hamiltonian given by H = p\z\\ 2 + q\Z2\ 2 — 

r\z 3 \ 2 and define C x to be H~ 1 (X)/S 1 . Then C Q is a symplectic orbifold with an orbifold 
singularity of order r and type (p, q) at the origin. 

Proof. -ff _1 (0) consists of all points (z±,Z2,z 3 ) so that p|zi| 2 + q\z2\ 2 — r\z 3 \ 2 = 0. In 
particular, \z 3 \ 2 = ^\zi\ 2 + ' | ^2 1 2 - Thus, there is a natural, embedding of C 2 into // _1 (0) 
given by 

(zi, z 2 ) •-»• (zi, z 2 , \Ji.\zi\ 2 + 1 1^ 2 | 2 ) 
which is smooth away from (0,0)). Furthermore, for any (zi,z 2 ,z 3 ) with H(z±, z 2 , z 3 ) = 0, 



there is a A G S 1 so that z 3 A~ r = ^\zi\ 2 + \ \z 2 \ 2 . 

Thus, we can identify H~ 1 (0)/S 1 with the set (zi,z 2 , ^/f \zi\ 2 + ^\z 2 \ 2 )/ ~, where 

( 



•Z1,^2,a/2|zi| 2 + 2|z 2 |2 ~ (w 1 ,W2,J^\zi\ 2 +i\z 2 \ 2 



3XGS 1 : (w u w2, ^\ Zl \ 2 + q -\z 2 \ 2 ) = X ■ ( Zl , z 2 , ^W 2 + i\z 2 \ 2 ) . 
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However, this can only occur if A~ r (2|2: 1 | 2 + ^ | ^2 1 2 ) = p \zi\ 2 + f |^2| 2 , which in turn implies 

A~ r = 1, so that A £ Z r C 5 generated by £ = e r . 

Thus, using our embedding of C 2 into i^ _1 (0), we can identify H~ 1 (0)/S 1 with C 2 /Z r , 
where Z r acts by £ • (2:1,2:2) = {£, p zi, C 9 ^), as desired. □ 

We now use this to show that any such isolated orbifold singularity has a local toric 
structure. 

Proposition 2.2.2. Consider the symplectic manifold C 3 with its standard symplectic struc- 
ture and consider the standard diagonal circle action with weights (p, q, —r) on C 3 given by 

A • (zi,z 2 , z 3 ) = (X p z 1 , X q z 2 , X~ r z 3 ) 

where X = e 2mX and let be as before. Then Cq has a toric structure given by a torus 

action T whose moment polytope is the wedge with conormals (0,-1) and (—r,qa), where 

— 3 — 
ap + f3r = 1. Furthermore, C e with e > has a toric structure given by T whose moment 

polytope is the wedge with conormals (0,-1), (— r, qa), and (—p,—q(3) where a and (3 are 

as before. 

Proof. C e for all e > inherits a torus action T by taking the standard torus action T on C 3 

and quotienting by the diagonal S 1 action with weights (p, q, —r). The moment polytope 

— 3 

of this toric structure on C e has an embedding into t* by taking the moment polytope of 
the standard action, M 3 C t* = I 3 and restricting to the plane px + qy — rz = e. We will 
call this plane H*(e), and we will denote its integer lattice in t* by H^(e). This polytope is 
the piece of %*{e) which has x,y, z > 0. 

If e = 0, we have 7i*(0) is the plane px + qy — rz = 0. If z = 0, we have px + qy = 
which means x = y = 0. If y = 0, we have px = rz which gives the ray starting at (0, 0, 0) 
with direction (r,0,p). If x = 0, we have qy = rz which gives the ray starting at (0,0,0) 
with direction (0, r, q). Our polytope is then clearly given by the wedge between (r,0,p) 
and (0, r, q). 

If e > 0, we have px + qy = rz + e. If z = 0, we have px + qy = e which gives the 
line segment in the direction (— q,p, 0) between (|,0, 0) and (0, |,0). If y = 0, we have 
px = rz + e which gives the ray in the direction (r, 0,p) starting at (|, 0, 0). If x = 0, we 
have qy = rz + e which gives the ray in the direction (0, r, q) starting at (0, |, 0). We denote 
this section of H*(e) by A(e). 

Furthermore, the moment polytope of the action of T also has an embedding into t* = M. 2 . 
We similarly denote by tg the integer lattice of this algebra. 

We seek to produce an embedding of t into %*(0) so that the wedge between (1,0) and 
(r, qa) maps to the wedge between (r, 0,p) and (0, r, q) and furthermore so that the induced 
map from t z to WJ(0) is an element of GL(2,Z) plus a translation. Similarly, we want an 
embedding of t* into %*(e) so that the wedge between (1, 0) and (r, qa) cut by the direction 
(q/3,—p) maps to A(e) and so that the induced map from t z to ~H^(e) is an element of 
GL(2, Z) plus a translation. 

We claim that producing such embeddings would complete the proof. Indeed, the torus 
T is determined both as i/iz and as H(e)/'Hz(e)- Thus, dualizing the embedding would 
give an embedding from ~H(e) into t so that %z(e) maps by an element of GL(2,Z) plus a 
translation onto i%. In particular, this shows that the same torus action T is inducing these 
two moment polytopes, which then gives the desired result. 
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To produce such an embedding, we will complete (p, q, —r) to an integer basis. Since 
gcd(p, r) = 1, there exist integers a and ft so that ap + ftr = 1. Then we have 

(p q -A 

det 1 = ap + ftr = 1 
\ft a / 

In particular, (p, g, — r), (0, 1, 0), and (ft, 0, a) is an integer basis of Z 3 . Using this, we can 
give a basis of H(0) by giving vectors e% and e 2 so that e\ ■ (0, 1,0) = &\ ■ (p, q, —r) = and 
e 2 • (p, Q, —r) = e-2 • (ft, 0, a) = 0. We choose e± = (r, 0,p) and e2 = (—qa, 1, Q'/S)- Using this 
basis, we define a linear embedding <I>o from M 2 to %*(0) as follows: 

$o(a, b) = ae\ + be2 = (ar — bqa, b, ap + bqft) 

By construction, $o is an element of GL(2,Z). Now notice that <I>o(l)0) = (r, 0,p), while 

$o(9a ; r ) = (rqa — rqa, r,pqa + rqft) = (0, r, + r/3)) = (0, r, g) 

Therefore, since $0 is linear, the wedge between (1,0) and (qa,r) maps to the wedge 
between (r, 0,p) and (0, r, g). Thus, M has a local toric structure given by the torus action 
T whose moment polytope is given by the wedge in M 2 with conormals (0, —1) and (— r, qa), 
as desired. 

Also, notice that %*(e) can be formed from T~L*(0) by the translation r e (x,y,z) = (x + 
|, y, z). Thus, we can form an affine embedding $ e from M 2 to Ti*(e) as r e o <i>o to get: 

$ e (a, 6) = aei + 6e 2 + (|, 0, 0) = (ar - frga + |, 6, + 6g^) 

By construction, $ e is an element of GL(2,Z) plus a translation. Also, as defined, we have 

$ £ ((a, 6) + (c, d)) = $ e (a, 6) + * (c, rf) 

Furthermore, $ e (0, 0) = (|,0, 0) and 

= (-|( i 9r + ap) + |,f,0) 
= (-f + |,f,0) = (0,1,0) 

Lastly, we see that 

$o(-qft,P) = (~qftr - pqa,p,-qftp + pqft) = (-q(pa + rft),p,0) = (~q,p,0) 

Combining all this, we clearly see that the polytope with conormals (0, —1), (—p, —qft) and 
(— r, qa) maps to A(e), as desired. 

□ 

We can use the above lemma to give a local toric structure to one of our orbifold singu- 
larities 

Corollary 2.2.3. Let M 4 be a symplectic orbifold with orbifold singularity x of order r and 
type (p, q). Then a neighborhood of x has a toric structure with moment polytope determined 
by the conormals (0, 1) and (r, —k) where pa + rft = 1, k = qa mod r and 1 < k < r. 

Proof. As in Lemma 2.2.1, a neighborhood of such an orbifold singularity x can be obtained 
as the reduced space C at level of the diagonal S 1 action with weights (p, q, —r) on 
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C 3 . Furthermore, Lemma 2.2.2 says that this has a toric structure with moment polytope 
determined by the conormals (0,-1) and (—r,qa). Consider the following transformation 

Then A ■ (0, —1) = (0, 1), and A ■ (— r, qa) = (r, — qa — rc). There is a unique choice of c so 
this equals (r, —k) where k = qa mod r and 1 < k < r. This completes the proof. □ 

Remark 2.2.4. We can use the above theorem and the techniques of Fulton in [3] to resolve 
these singularities as follows. In [3], Fulton shows that a resolution of the polytope with 
outer conormals (0, 1) and (m, —k) with < k < m is given by a string of integers ai so 
that 

l 



oa— y 



Then there is a resolution of this singularity by a series of blowups which produces a chain 
of classes Z, L so that 

{—ai if i = j 
1 if = 1 

else 

Furthermore, Fulton shows there is a unique choice of the aj so that > 2 for all i. Hence, 
using the above theorem, we can apply these techniques with m = r and k = qa mod r 
with < k < r as above to get a resolution of any isolated orbifold singularity of order r 
and type (p, q) . 

We can use the above to give the following definition. 

Definition 2.2.5. Let M 4 be an orbifold. Then M has a finite set of isolated orbifold 
singularities, pi, . . . ,p n . As in Remark 2.2.4 above, we can get a symplectic manifold M, 
called the resolution of M by resolving each of these singularities separately. 

Remark 2.2.6. Using the above techniques, it is easy to see when two isolated singularities 
x, x' of orders r and types (p, q) and (p', q') respectively have the same resolution. Namely, 
if x is resolved as above by the integer string ai, i = 1, . . . ,n, then x' will have the same 
resolution only if x' is resolved by the same string aj, or by the reversed string Hi, where 
a~i = a n +i_j, i = 1, . . . , n. However, a simple induction shows that if 

m „ 1 

T - ax , — 



«2- 



then 



"T" 



where kk' = 1 mod m. Thus, x and x' will have the same resolution if and only if either 
qa = q'a' mod r or {qa){q'a') = 1 mod r, where ap + (3r = 1 and a'p' + /3'r' = 1. In 
particular, if p = pi = 1, so that a = a' = 1, and 1 < q, q' < r then we must have q = q' or 
qq' = 1 mod r 



Combining the above remark with Lemma 2.1.7 gives us the following useful lemma 
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Lemma 2.2.7. Let (X,u>) be a closed 6 -dimensional manifold with an effective, symplectic 
S 1 action with no codimension 2 isotropy, and consider the family M\ of reduced spaces of 
this action. Let <fi be any orientation preserving diffeomorphism 

0:M A — >M V . 

Then 4> lifts to a diffeomorphism 

Proof. The proof is an immediate consequence of Lemma 2.1.7 and Remark 2.2.6 □ 

In the above discussion, we showed that given a symplectic orbifold (M 4 , lu) with a finite 
number of orbifold singularities, there is a corresponding symplectic manifold (M 4 ,uj) which 
is obtained from M by successive blowups near the singularities. Moreover, this implies that 
in M, there are some homology classes with self intersection < — 2 which are represented 
by symplectically embedded spheres. We finish this section by discussing which almost 
complex structures on M can be blown down to almost complex structures on M. This 
discussion is largely based on [ ] 

More specifically, if M 4 has the singularities pi, . . . ,p n , there are classes Zij in M which 
are all represented by symplectically embedded spheres Cij and which satisfy 

{~ a i,j < ~~ 2 if % = k, j = l 
1 iii = k, \j-l\ = 1 

else 

Moreover, near a singularity pi, we can blow up any almost complex structure J which is 
integrable get an almost complex structure J defined in a neighborhood of UjCjj which by 
definition can be blown down to J in a neighborhood of pi . 
With the above in mind, we can give the following definition. 

Definition 2.2.8. Let (M 4 ,w) be the resolution of a symplectic orbifold with singularities 
Pi and a corresponding set Z = {Z\, . . . ,Z n } of homology classes that are represented by 
symplectically embedded spheres satisfying 

{-la if i = j 
Oorl if\i-j\ = l 
else 

Then we define J{Z) := J(Z,Zi) to be the space of all ui-tame almost complex structures 
which arise as the blowup of an almost complex structure J which is integrable near each 
Pi- 

Remark 2.2.9. The set J{Z) is defined to be isomorphic to the set J{p\, ■ ■ ■ ,p n ] w ) of uj- 
tame almost complex structures on M which are integrable near pt. Namely, each J G J{Z) 
corresponds to a unique almost complex structure J G J{pi, ■ ■ ■ ,Pn', in the sense that J 
blows up to J. 

2.3. Weighted Blowups and Blowdowns. We will next discuss ellipsoid blowups. We 
will let E(q,p) = {(^1,^2)!^ — I - —jj- < 1} ; where p > q and gcd(p,q) = 1. 
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Definition 2.3.1. Let (M 4 ,u) be a symplectic manifold, and let x be a point, and letp,q 
be integers with gcd(p,q) = 1. Then the (p,q) weighted blowup of size e at x, denoted 
(M,uj) is given by removing 

lnt(^ q E(q,p)) = {( Zl ,z 2 ) : + = ^} = {(z u z 2 )\p\ Zl \ 2 + q\z 2 \ 2 < e} 

and collapsing the resulting ellipsoid boundary along the characteristic flow to produce a 
curve C E in the class E, called the (p, q) -weighted exceptional divisor. The form oj can 
be chosen to be uj outside of ^E(q,p) and to satisfy 

/ ui = e 

Jc E 

In general, this procedure will not result in a symplectic manifold, but rather in a sym- 
plectic orbifold which has two singularities, one of which has order p, and the other of 
which has order q. Furthermore, the {p, q) weighted exceptional curve E will intersect both 
of these singularities. To see this, we can look at Int(E(q,p)) in the toric picture. Un- 
der the standard torus action of C 2 , E(q,p) has the moment polytope A(q,p) given by a 
triangle determined by the conormals (—1,0), (0,-1), and (—p,—q), which can be trans- 
formed to the triangle determined by (—1,0), (0, —1), and (— q, —p). This obviously has a 
smooth vertex at (0, 0). Thus, we can give a neighborhood U of ^E(q,p) a toric structure 
so that ^E(q,p) maps to the corresponding rescaled triangle and the blowup corresponds 
to cutting out this triangle. In the polytope, this removes the smooth vertex (0, 0) which 
corresponded to the point x and replaces it with vertices (p, 0) and (0, q) which represent 
orbifold singularities of orders q and p respectively. 

Remark 2.3.2. As in Remark 2.2.4, we can resolve these two singularities using the tech- 
niques of Fulton. The result of this procedure is two families of classes, denoted Zf and Zf, 
each corresponding to resolving one of the singularities. 

We cannot directly apply the techniques in [3] for either vertex, but up to some affine 
transformations, we can apply the techniques. At the vertex (0,g), we have the conor- 
mals (—1, 0) and (— q, —p), which map to the conormals (0, 1) and (p, —(p — q)) under the 
transformation 

' -1 N 
-1 1 

Hence, as in Remark 2.2.4, we get a chain of spheres Zf where (Zf) 2 = —ai where 

p 



P- q ai 



02- 



Additionally, at the vertex (p, 0), we have the conormals (0, —1) and (—q, —p), which map 
to the conormals (0, 1) and (q, —k) under the transformation 



-1 
c -1 



where p — cq = —k, so that k = —p = q — p mod q, with 1 < k < q. Again, as in Remark 
2.2.4, we get a chain of spheres Zf where (Zi) q ) 2 = —bj where 



b-z- 
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Figure 1. Resolution of (4,7) weighted blowup 

Denned in this way, Zf ■ Z'j = 0. Also, as we will show in the below remark if the weighted 
exceptional divisor is given by a curve C E in the class E, then the proper transform C E in 
the class E will be an exceptional divisor in the usual sense if x is not an orbifold point. 
Furthermore, C E ■ Zf = 1, C E ■ Z% = 1, and C E ■ Z\ = for all other choices of i, I. 

Remark 2.3.3. The above procedure produces a symplectic manifold M which is the 
resolution of the (p, r/)-weighted blowup of a symplectic manifold M which is obtained by 
a sequence of blowups, the first of which is the (p, q) weighted blowup itself. However, 
as McDuff shows in section 3 of [8], if x is a smooth point the same manifold M can be 
obtained from M by a sequence of standard blowups, the last of which corresponds to the 
(p, q) weighted blowup. We will demonstrate the general technique by showing how this 
works for E(4, 7). 

First, we write down a sequence of numbers according to the following rule. First, we 
let qi = q and write down a\ copies of q%, where a\q\ < p < (a\ + l)q\. Next, we let 
q2 = p — a±qi and write down ai copies of q2 where a<iq2 < Qi < (a-2 + 1)<?2- We continue 
this procedure inductively until there is an n so that a n q n = q n -\. For -E(4, 7), this gives 
us the sequence 4, 3, 1, 1, 1. We then cut the moment polytope of C 2 successively a\ times 
down from the vertical edge, 02 times up from the horizontal edge, 03 times down from the 
last of the a\ blowups, times up from the last 02 blowup and so on. 

In our case, this gives us the cuts (1, 1), (1, 2), (2, 3), (3, 5), and (4, 7), as in Figure 1. 

Remark 2.3.4. The above remarks deal with resolving weighted blowups of smooth points, 
since as in Lemma 2.4.1, in our case we never have to consider a weighted blowup of an 
orbifold singularity. We proceeded by noting that the weighted blowup has a toric structure 
with moment polytope determined by the conormals (—1,0), (0,-1), and (—q,—p)- The 
key point for us was to notice that we could interpret the resolution as arising from a series 
of smooth blowups of symplectic manifolds, which for example is how we prove Lemma 
2.5.3 in 2.5. 

If r > 1, then as in Lemma 2.4.1, we will have a (p, q) weighted blowup of an orbifold 
singularity. In this case, we will not have as nice of a toric structure, although the e > 
computation of Lemma 2.2.2 does give us a toric structure with moment polytope deter- 
mined by the conormals (0, —1), (—r,qa), and (— p, —q/3) where pa + rf3 = 1. Thus, we can 
resolve the weighted blowup exactly as in Remark 2.3.2. 

In certain cases, such as a (5, 2) weighted blowup at an order 3 singularity, this resolution 
will still produce a —1 curve, while in other cases, such as a (3, 2)-weighted blowup at an 
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order 5 singularity, it does not produce a —1 curve. However, even if the resolution produces 
a —1 curve, the resolution will no longer come from a series of smooth blowups of symplectic 
manifolds because of the orbifold singularity and thus in this case we cannot prove Lemma 
2.5.3. We are currently working on resolving this difficulty in order to extend our result to 
as many other cases as possible, but we have not solved this problem yet which is why we 
assume r = 1 in this paper. 

We conclude this section by discussing weighted blowdowns of weighted exceptional di- 
visors. To start off, we first must discuss exactly what we mean by a weighted exceptional 
divisor. 

Definition 2.3.5. Let M 4 be a symplectic orbifold with singularities x p and x q of orders p 
and q respectively. As in Remark 2.2.4, this gives us classes Zf and Zj so for l,m = p, q, 

—k\ if i = j, I = m 
Z\-Zf={ 1 ifl = m \i-j\ = l 



else 



Then we will say that a curve C E in M through x p and x q is a (p, q) -weighted exceptional 
divisor if the class [C E ] in M lifts to a class E in M satisfying 

(1) E is an exceptional divisor in the usual sense represented by C E 

(2) Up to reversing the order ofi,j in Zf and Z q -, 



1 ifi = \ 
else 



Remark 2.3.6. Given a weighted exceptional divisor C E as above, Remark 2.3.3 implies 
that we can successively blow down C E , Zf and Zj in M by smooth blowdowns of excep- 
tional divisors to obtain a manifold M which we call the (p, q) weighted blowdown of M, 
or just the (p, q) weighted blowdown of M. 

We now say more about almost complex structures. Specifically, we want to discuss which 
almost complex structures on M or M can be blown down in the above sense. The following 
theorem is based on Theorem 1.2.5 and Remark 1.2.6 of [ ], and describes a certain set of 
almost complex structures. 

Theorem 2.3.7. Let (M 4 ,lo) be a symplectic orbifold with singularities at pi, . . . ,p n , and 
let (M 4 , u) be its resolution. In particular, we have homology classes Z = {Zi, . . . , Z n } on 
M so that 

{-h<-2 ifi=j 
or 1 if\i~ j\ = 1 
else 

Let Sf(Z,u) and J{j>\, ■ ■ ■ ,p n ;uj) be defined as in Definition 2.2.8 and Remark 2.2.9. Also, 
let A be a finite, disjoint subset of £ C H2(M;Z), the collection of all standard exceptional 
classes on M . Further assume for A G A, A ■ Zi > for all i, and A ■ E > for all 
Ee£\{A}. 

Then, under these assumptions, there is a subset J(Z;A) of J{Z,u) which is path 
connected and residual in the sense of Baire so that for all J G J{Z;A), all the classes 
A and Zi are represented by embedded, J -holomorphic spheres so that all intersections are 
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positive and transverse, and a corresponding subset J{p\, . . ■ ,p n ; A) of J{jpi, ■ ■ ■ ,p n ) w) 
which is also path connected and residual in the sense of Baire. 

Remark 2.3.8. Now, let M 4 is a symplectic orbifold with singularities at x p and x q and 
let C E be a (p, g)-weighted exceptional divisor through x p and x q , as defined in Definition 
2.3.5. Then, in particular, we have classes Z\, . . . , Z n obtained from resolving x p and x q , as 
well as an exceptional divisor E so that E ■ Zi > for all i. Then, given any J £ E), 
there is a corresponding J £ J{x p , x q ; E), and furthermore, there is also an almost complex 
structure J on M, the (p, q)-weighted blowdown of C E . In other words, any such J and J 
can be blown down in the (p, g)-weighted sense described above. 

2.4. Topology of Reduced Spaces. Now, let (X,ui) be a closed, 6-dimensional symplec- 
tic manifold with a symplectic S 1 action. We will consider the resulting reduced spaces, 
which form a family of closed symplectic orbifolds M\. In particular, as we move A coun- 
terclockwise around the circle, we will examine how the topology of M\ changes. Recall 
that we are focusing on the case where the S 1 action has isolated fixed points with isotropy 
weights (p, q, —1) or (— p, —q, 1). 

The below theorem shows how the reduced spaces change as we move through a critical 
level. The statement and proof are based on Theorem 6.1 of [ ] 

Lemma 2.4.1. Let (X,u) be a closed symplectic manifold with a symplectic S 1 action which 
has an isolated fixed point at xo £ X with isotropy weights (p,q,—l) at the moment map 
level Xq with gcd(p,q) = 1. Then M\ 0+€ is the (p,q) weighted blowup of size of M\ Q at 
Xq € M\ . 

Proof. Since the S* 1 action has isolated fixed points, there is a neighborhood of the (p, q,—l) 
fixed point which maps equivariantly to C 3 with the action 

e 2mX ■ (z 1 ,z 2 ,z 3 ) = (z ie 2 ^\z 2 e 2 ^\z 3 e- 2mX ) 

A moment map for this action is given by 

H = | 2 + q\z 2 \ 2 - \z 3 \ 2 

Clearly, is the only critical value of the moment map. For e > 0, we examine the structure 
of the reduced spaces C_ e and C e . 

2 3 

First, consider C_ e for e > 0. For e = 0, Lemma 2.2.1 gives that C 9* C 2 . For e > 0, the 
same argument works by using the embedding of C 2 into H~ 1 (—e) given by 

(z 1 , z 2 ) i-> (z\, z 2 , vVM 2 + q\z 2 \ 2 + ej 

Now, consider Cg. Recall from Lemma 2.2.1 that there is a moment map for our 5 1 

action given by H = p\z\\ 2 + gl^] 2 — |^3| 2 , and therefore, C e can be computed by taking 
the manifold 

I 1 2 i I |2 i I |2 

\z 3 \ +e = p\zi\ +q\z 2 \ 
and quotienting by the S* 1 action. Thus, H~ 1 (e) consists of all points (z±,z 2 ,z 3 ) satisfying 

M + ^r 2 = i ( u|| + e ) 

q p pq v I o I ' 

Reordering terms we see there is an embedding from C 2 \ (Int ^E(q,p)) into H~ l (e) defined 
as follows: 

(zi,z 2 ) (->■ [z\, z 2 , \/p\zi\ 2 + q\z 2 \ 2 - e) 
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Now, consider H 1 (e)/S 1 . As in Lemma 2.2.1 and using the above embedding, we can 
identify this with the set of points 

{( Zl ,z 2 , (p\ Zl \ 2 + q\z 2 \ 2 - e))}/~ - [C 2 \ (Int 

where since r = 1, (zi, 22) ~ ^2) if an d only if there is A G 5 1 so that 

A(p|zi| 2 + q\z2\ 2 - e) = p\wi\ 2 + q\w2\ 2 - e. 

This gives two cases: either pjzip+gl^l 2 — e = or p|zi| 2 +g|22| 2 — e > 0. With respect to our 
earlier embedding, p|zi| 2 + g|z2| 2 — e = corresponds to the boundary of C 2 \(Int ^-E(q,p)), 
while p|zi| 2 + (7 1 ^2 1 2 — e > corresponds to the interior. 

If p\zi\ 2 + q\z2\ 2 — e > 0, then as in Lemma 2.2.1 with r = 1, we must have A = 1, so that 
(24,212) = (wi,w 2 ). 

Now consider p\zi\ 2 + q\z2\ 2 — e = 0. In this case, any A G S 1 preserves this, since is 
a fixed point of the S 1 action. In particular, along this ellipsoid boundary, we collapse the 
entire S 1 action. However, our S 1 action restricted to this ellipsoid boundary is exactly the 

action which generates the characteristic flow. Combining this with the above, we see that 

3 3 

C e is formed from C by removing the interior of ^E(q,p) and collapsing the boundary 
along its characteristic flow, which is exactly a (p, q) weighted blowup of size e at the origin 
of C , as claimed. 

This all shows that there are neighborhoods A/"(A) in M\ so that xo G N(\q) and fur- 
thermore, A/"(Ao + e) is the (p,q) weighted blowup of size ^ of AA(Ao) at xo G JV(Ao). In 
particular, we have a blowup map p t so that 

p e : AA(Ao) \ {x } — ► M(X + e) \ Cf 

is a diffeomorphism, where is a representative of the weighted exceptional divisor. Thus, 
Lemma 2.4.4 below shows that we can extend p t to a map 

p e : M\ Q — > M Ao+e 

so that the restriction 

Pe : M\ \ {x } — > M Ao+e \ Cf 

is a diffeomorphism. The map /9 e then clearly identifies M\ 0+e as the (p, q)-weighted blowup 
of M\ Q at xq, as desired. □ 

Remark 2.4.2. An exactly analogous computation for a fixed point with isotropy weights 
(— p, —q, 1) would show that locally, we have M\ is the (p, q) weighted orbifold blowdown 
of M\ _ e . Equivalently we could read the argument backwards to get that M\ Q _ e is the 
(p, q) weighted orbifold blowup of M\ . 

The above discusses how the reduced spaces change when we move across a critical point 
of the moment map. The following theorem says that if we move across an interval without 
critical points, then we do not change the reduced spaces. This theorem is proven in the 
introduction of [2] 

Lemma 2.4.3. Let (X,u) be a 6 -dimensional manifold with an effective, Hamiltonian S 1 
action with a proper moment map H . Consider the family M\ of reduced spaces of this 
action. Then if Xq,Xi lie inside of an interval of regular values of the moment map, there 
is an orientation-preserving diffeomorphism 

(/>: M Xo -+M Xl . 
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Using this, we can prove the following technical diffeomorphism extension lemma which 
we used in Lemma 2.4.1 and which we will use below. 

Lemma 2.4.4. Let (X,uj) be a 6- dimensional manifold with an effective, Hamiltonian S 1 
action with isolated fixed points with a moment map H with image [X — e, A + e]. Further 
assume that A is the only interior critical value, which corresponds to a fixed point x\ G X 
and further corresponds to a point p\ in the reduced space M\. 

Now, let X' 7^ A and assume that we have a neighborhood N (t) of M\ +t for all t G [— e,e] 
so that p\ G AA(0) and M(t) is an open set in M\ +t . Furthermore, assume that there is 
some (possibly empty) closed set U(t) cM(t) fort G [— e, e] and diffeomorphisms 

<j> t :N{X)\U{0)^N{t)\U{t). 

Then shrinking M{t) if necessary, there are extensions 

i> t : M x \U(0) — ► M x+t \U(t) 

so that ipt is a diffeomorphism. 

Proof We can define the manifold X(X, e) by taking 

W U M t \U(t)) 

\te[A-e,A+e] / 

Then X(X,e) is a compact, symplectic, 6-dimensional manifold with a Hamiltonian circle 
action with moment map H. Further, H is proper since X(X,e) is compact. Thus, by 
Lemma 2.4.3, for all t G (— e, e), we know that there is a diffeomorphism 

& : M X \N(X) ^ M x+t \M(t) 

Extrapolating between 4>' t and <pt gives diffeomorphisms 

&:M A \tf(0) ^M x +t\U(t) 

Possibly shrinking the size of N(t), we can further assume that tpt restricts to 0t, as desired. 

□ 

We can use this diffeomorphism extension lemma to prove the following. 

Lemma 2.4.5. Let (X, lu) be a closed, 6-dimensional symplectic manifold with an effective, 
symplectic S 1 action with moment map $ and isolated fixed points with isotropy weights 
(p, q, — 1) or (— p, — q, 1). Then if Ao and/or X\ are the only critical values in [Xq, Ai] and Mx 
does not differ from Mx x by a weighted blowup as in Lemma 2.4-1, we have an orientation 
preserving diffeomorphism 

<fi '■ Mx — > M Xl 

. Furthermore, for any A, A' G [Ao,Ai] where [Ao,Ai] is an interval as above, there is a 
diffeomorphism 

4> '■ Mx — > My 

Proof. To prove the first half of the statement, note that if [Ao, Ai] has Ao and/or Ai as the 
only critical values and the reduced spaces do not differ by weighted blowups as in Lemma 
2.4.1, then as in the proof of Lemma 2.4.1, there is an e and neighborhoods M(t) inside of 
Mx +t for t G [0, e] such that the fixed point at Aq is in AA(0), and A^(0) is diffeomorphic to 
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M(t) for all t. Then choosing the closed sets U(t) = for all t, Lemma 2.4.4 above implies 
the existence of orientation preserving diffeomorphisms 

<f>t ■ M A — > M Xo+t 

By a similar argument near Ai, there is an orientation preserving diffeomorphism 

4 : M Al _ t — > M\ 1 

Then, by assumption, [Ao + e, Ai — e] has no critical values, so by Lemma 2.4.3, there is an 
orientation-preserving diffeomorphism 

4>' : M Ao+e — ► M Al _ £ 

Defining <p := <p\ o 0' o <^°, we get the desired diffeomorphism, which finishes the proof of 
the first statement. 

The prove the second statment, we notice that by the above statement and Lemma 2.4.3, 
there is an orientation preserving diffeomorphism 

4> '■ M\ > My 

which then lifts to 

4> '■ M\ — > My 

by Lemma 2.2.7. □ 



2.5. Some Intersection Theory. In this section, we will prove some useful results per- 
taining to intersection theory. First, we will give a useful criterion for determining when a 
closed, symplectic 4 manifold has = 1. We recall Theorem 1.4 from [6] 

Theorem 2.5.1. Let (M,uj) be a closed symplectic 4-manifold and assume that there exists 
a symplectically immersed 2-sphere C with only positively oriented transverse double points. 
Then if ci(C) > 2, (M,oj) is rational or ruled. In particular, b^ = 1. 

We can use the above theorem to prove the following lemma. 

Lemma 2.5.2. Let (M,u) be a closed symplectic 4 manifold. If M contains two embedded 
J -holomorphic —1 spheres Cf and C<f with E\ ■ E2 = k > 1 , then 63 = 1. 

Proof. To prove this, we resolve exactly 1 of the intersection points of Cf and to get 
a single sphere C in the class E\ + E2 which is immersed with k — 1 positive transverse 
double points. Notice that the immersion points of C come from unresolved intersections 
of Cf and Cf which are all positive transverse intersections by positivity of intersections 
in dimension 4. Thus, it remains to show that c\{C) > 2. In fact, we have 

ci(C) = ci(£i + E 2 ) = ci(Ei) + ci(£ 2 ) = 1 + 1 = 2 

as desired. □ 

We now prove a similar lemma in the case where (M, w) is the resolution of an orbifold 

(M,u>) 

Lemma 2.5.3. Let M be a symplectic manifold which is the resolution of M , a symplectic 
orbifold. Furthermore, let C E be a weighted exceptional divisor as in Definition 2.3.5. In 
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particular, M 4 has classes E and Zf for j = 1,2 represented by curves C E and C\ so that 
E is the class of an exceptional divisor, E ■ Z\ = 1, E ■ Zj =0 if I > 1, and 

{—a\ < —2 if i = j, I = m 
1 ifl = m, \i-j\ = l 
else 

Then if M has an exceptional divisor C E ' in a class E' ^ E so that either E' ■ E 7^ or 
E' ■ Zf° / for some i ,jo, then b^{M) = 1. 

Proof. First, notice that Lemma 2.5.2 above implies that 6^~(M) = 1 if E' • E 7^ 0. Since 
M differs from M by a sequence of blowups, this implies that 6^(M) = 1 as well. Thus, we 
can assume that there is some (io,jo) so that E' ■ Z|° 7^ 0. 

Now recall from Remark 2.3.6 that the collection C E and C\ can be successively blown 
down by smooth blowdowns of exceptional divisors starting with C E to form the (p, q)- 
weighted blowdown of the weighted exceptional divisor C E . 

Thus, if we begin performing these successive blowdowns, there will be some intermediate 
stage where we have a closed symplectic 4-manifold M so that the proper transform of Cf° 

to M is an exceptional divisor, which we denote . Then by our assumptions C E has 

a proper transform to a curve C so that C n Cf Q / 0. Furthermore, if we assume 

j^i 

that (io,jo) is the first pair of indices so that this intersection is non-zero, C will be an 
exceptional divisor as well. 

But then M has two intersecting exceptional divisors, so that by Lemma 2.5.2 above, 
&2 {M) = 1. Now, since M differs form M by a series of blowups and blowdowns, this 
implies that b^(M) = 1 as well. □ 

3. Proof of Main Theorem 

3.1. Generalized Bundles. In this section, we will give a technical definition which will 
be useful to our proof of Theorem 1.1.4. 

Definition 3.1.1. Let {V Q } agj 4 be a finite open cover of S 1 by intervals so that all triple 
intersections are empty. Furthermore, assume that A has a partial ordering so that if 
Va/3 '■= Va H Vg 7^ 0, then either V a < Vg or Vr < V a . Then a generalized bundle over 
S 1 is given by topological spaces J- a with projections ir a : J- a — > S 1 such that ifV a C\Vp 7^ 
and V a < Vp, there is a fiberwise inclusion 

Furthermore, a section of a generalized bundle is a collection of maps s a : V a — > T a 
satisfying s a = sp o (f) a p whenever V a p 7^ and V a < Vp. 

Remark 3.1.2. This definition differs from the standard definition of a bundle primarily 
in the fact that the fiber F x over a point x £ S 1 is allowed to change its topological type as 
we change x. However, a section of a generalized bundle still gives us a notion of a smoothly 
varying family of elements of the J- a , with one for each x £ S 1 . This notion of section is 
the main reason we gave this definition. 

Example 3.1.3. The family of reduced spaces corresponding to a symplectic S 1 action on 
(X, lj) gives a trivial example of a generalized bundle. Namely, we can consider the cover 
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of S just given by all of S , and we can let 

Fgi := X/S 1 

We will now show how one could put a more complicated reduced bundle structure on 
the family of reduced spaces. 

Example 3.1.4. Let (X 6 , uS) be a closed symplectic manifold with a symplectic, non- 
Hamiltonian S 1 action. Then as before, this has an S 1 valued moment map and a family of 
reduced spaces M\ for A G S 1 . By our earlier assumptions, the fixed point set of this action 
is a finite set of isolated fixed points, which, perturbing uj if necessary, we can assume all 
happen at different moment map levels. We denote these levels Ai, . . . , \2n- 

We arrange the \ counterclockwise so that Aj has isotropy weights either (pi,qi,— 1) or 
(— pi, —qi, 1) for all i, for integers Pi,q% with gcd(pi,qi) = 1. Then define U{ = (A,, X%+i) for 
i = 1, . . . 2n— 1, and U2 n = (^2n, Ai). Also, define Ii = (Aj — e, Aj + e), and assign the partial 
ordering Ii < XJ% for alH = 1, . . . n, Ii < f/j-i if i = 2, . . . 2n, and I\ < U2 n - This cover gives 
the reduced spaces the structure of a generalized bundle. Indeed, we can define 

Jbi := (J M ^ T h : = U M ^ 

Then Lemma 2.4.1 and Lemma 2.4.3 give that the spaces J-\j i and J-j. are topological spaces 
which are fibered over A by smooth orbifolds, while on all overlaps they are equal to each 
other, so that the fiberwise inclusions can just be chosen to be the identity. 

Remark 3.1.5. The generalized bundle J that we eventually construct in the below proof 
will be very similar to the above example. In particular, it will use the same cover Ui and 
Ij with the same ordering. However, T\j i and T\. will not be fibered by M\, but rather 
they will be fibered by carefully chosen spaces of almost complex structures of M\. 

3.2. Proof of Main Result. We will now prove our main result, which we restate here 
for convenience. 

Proposition 3.2.1. Suppose we have a closed symplectic manifold (X 6 ,cj) with a symplectic 
S 1 action with a non-empty set of isolated fixed points, all of whose isotropy weights are 
either (pi,qi,— 1) or (—pi,—qi,l), where pi > qi and gcd(pj, qi) = 1, and such that the S 1 
action has no codimension 2 isotropy. Then the action is Hamiltonian. 

Proof. We will assume that the action is not Hamiltonian and derive a contradiction. Recall 
from before that since we have a symplectic circle action which is not Hamiltonian, we can 
assume we have an S 1 valued moment map and that we can form the corresponding reduced 
spaces M\ for A G S . 

Furthermore, as in Example 3.1.4 above, our moment map can be assumed to have n 
critical levels which correspond to the isolated fixed points. We can arrange them coun- 
terclockwise at levels Aj G S 1 so that Aj has isotropy weights (pi,qi,—l) if i is odd or 
(— pi, —qi, 1) if i is even with gcd(pi,qi) = 1, and we can define the sets U{ and Ij as in 
Example 3.1.4. 

Also, since we assumed that the original S 1 action has no codimension 2-isotropy, we know 
that each M\ is a symplectic orbifold with a finite number of isolated orbifold singularities, 
denoted p\. Thus we have M\, the unique resolution of those singularities as in Definition 
2.2.5. As in Remark 2.2.4, there are homology classes Z^- coming from the blowups used 
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to resolve the singularities pf. We have 

{-k^ < -2 if i = I, j = m 
1 ' if i = I, | j - m\ = 1 

else 

We will let Z\ denote the union of all these classes over 

By Theorem 1.1.2, if for some regular level A we have 6^~(Ma) = 1, the action is Hamil- 
tonian which is a contradiction. Hence, b^Mx) > 1 for all A, and thus also b^Mx) > 1. 

We will use this to derive a contradiction in 4 steps. First, we will use the language of 
generalized bundles to find a preferred family J(A) of almost complex structures on M\. 

Step 1 (Constructing the generalized bundle J). Consider By Lemmas 2.4.1 and 2.4.3, 
there is a A' £ Uk and a smooth family of orientation-preserving diffeomorphisms 

A : My — ► M\. 

Recall that we can form M\ with it corresponding set of homology classes Z\. As in 
Definition 2.2.8, we have the set J{Z\) so that any J £ J{Z\) has that Zfj is represented 
by an embedded, J^-holomorphic sphere, denoted C^-. Furthermore, by Lemma 2.2.7 the 
diffeomorphisms (f)\ lift to diffeomorphisms <f>\, where up to a reordering of the i indices, 

#(Z&) = Zg. 

Also, since 6j(Mx) > 1, the set E\ of homology classes of exceptional divisors on M\ is 
finite, and by Lemma 2.5.2, if E ^ E' £ £, then E ■ E' = 0. Consider the finite subset 
A\ C £\ defined by the property that any A £ satisfies A • Z^- > 0. Then, as in 

Theorem 2.3.7, there is a subset J(Z\,A\) C J{Z\) which is path connected and residual 
in the sense of Baire so that for any J £ i7(Z\, Ax)) ^4 £ is represented by a smooth, 
embedded J-holomorphic sphere which intersects each curve C^j transversally in A ■ C^- 
distinct points. We define 

J{\) :=J(Z X ,A X ) 

Also, each J £ is pulled back from an almost complex structure J on M\, so that we 

get a corresponding family in this fashion. 

We further define 

?Uh ■= U ^( A ) 

We can use the isomorphisms (f)\ to identify T\j h with an open subset of the set of almost 
complex structures J so that J £ J'(X',0Jt) for some smooth path of symplectic forms u)t 
on My, which is a topological space. Hence, J-[/ fc is also a topological space, as desired. 

Consider now If. = (A& — e, Afc + e) for some e. To define we will first construct an 
explicit family J(A) of almost complex structures on M\ for all A £ (A& — 2e, A^ + 2e). By 
our assumptions, Lemma 2.4.1, and Remark 2.4.2 we know that if A& has isotropy weights 
(Pfc)9fc) — 1)) then M\ k+t is the (p^, g/J-weighted blowup of M\ k at a smooth point x Xk for 
all t £ (0, 2e], while if A& has isotropy weights {—pu, — % ; 1)) the same is true with the signs 
reversed. Without loss of generality, we will assume the isotropy weights are (pkiQk, — !)• 
They, by Lemma 2.4.5, we have orientation-preserving diffeomorphisms 

4> x : M Xk -> M A 
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for all A G (A& — 2e, A&], where 4>\ k = id. Furthermore, since x Xk is a smooth point, we 
have neighborhoods in M\ k denoted M{p Xk ) and AA(A^) of the orbifold points p Xk and x Xk 
respectively so that AA(A^) C\M{p Xk ) = 0. 

Now, as before, consider the resolution M\ k , with its corresponding set of homology 
classes Z\ k . Notice that since x Xk stays away from p i k , there is a corresponding point 
x Xk G M\ k . As in Definition 2.2.8, consider the set J{Zk,ui\ k ) as above. Recall from 
Lemma 2.2.7 that we can lift the diffeomorphisms cp\ to diffeomorphisms 

J x :M Xk ^ M\. 

Thus, for all t G [0, 2e), we can define a smooth family of symplectic forms uJt = 4>* Xk _ t (oj\ k _ t ) 
on M\ k , so that we can form J(Z\ k ,u) t )- Notice that given any J G J '{ZfaWt) , J can be 
pushed forward by^A fc -t to J G J(Zx k -t,^x k -t)- 

Now choose a J G J(Z\ k ,u\ k ) so that J equals Jo near x\ k , the point in M\ k being 
blown up, and so that there is a neighborhood N{x\ k ) so that no J\ holomorphic excep- 
tional divisors intersect N(x\ k ). Then since the taming condition is open, we can choose 
e depending on J small enough so that for all t G [0, 2e), J G J{Z\ k ,L) t )- Thus, for each 
t G [0, 2e), we can push J forward by 4>x k -t to an almost complex structure J(A^ — t) to get 
a family 

J(\) £ J(Z X ,U X ) 

for each A G (A& — 2e, A&]. Also, we can choose J(A^) so that for all A G (A^ — e, A&) 

J(A) G J{\) 

where J7"(A) is as before. Furthermore, as in Remark 2.2.9, there is a corresponding family 

J(X)€j(p X ,...,p X ;u x ) 

of almost complex structures on M\ which are integrable near each p x so that J(Xk) = Jo 
near x Xk and J(A) G J{\) for A G (A& — e, Afc). By the above we know that x Xk does not 
intersect any J(A)-holomorphic weighted exceptional divisors. 

Now, since for each t G (0, 2e), M\ k+t is equal to the (pk, q^) weighted blowup of M\ k at 
the point x\ k and J(A^) equals Jo near x\ k , we get corresponding almost complex structures 
J\ k +t which are integrable near the (pk, qu) weighted exceptional divisor. Also, any orbifold 
point on M\ k+t either corresponds to some p Xk on M\ k , or lies on the weighted exceptional 
divisor. Thus, J\ k +t is integrable near all the orbifold points pf k+t , and we have 

J{\ k + t)^J{p X l k+ \...^ +t ] u: Xk+t ). 

Also, as before, we can choose J(Xk) so that J(A) defined in this way satisfies J(A) G c7(A). 
Thus, we can blow these almost complex structures up to get almost complex structures 
J(A) G .7(A) for all A G (A fc , A fc + 2e). 

In particular, for all A G (A^ — 2e, A& + 2e) D Ik, we have constructed a family J(A) of 
almost complex structures on M\ such that if A / A&, J(A) G We define 



Ti % •■= U J ( A ) 
Ae/fe 
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Then Ti k is diffeomorphic to an open interval, hence it is obviously a topological space. 
Furthermore, since for A 7^ A& we have J(A) G J(X) there is a natural fiberwise inclusion 
from the piece of Ti k over I^HUi into T\j l , whenever I^dUi 7^ 0. 

This completes the construction of a generalized bundle over S 1 which we will denote J. 

Step 2 (Showing that the generalized bundle J has a non-zero section.). We now show 
that the above generalized bundle has a smooth, non-zero section J\. We will do this by 
taking sections on each Ij and patching them together over the Uk- 

First, consider Ij = (Xj — e, Xj + e). Recall from the definition of Ti above that for each 

A G (Xj — 2e, Xj + 2e) D Ij, we have an almost complex structure J(X) on M\ so that if 
A / J(X) G i7(A). In particular, this defines a section on which has already been 
extended a little past Ij. 

Next consider Uk- We seek to find a section of J7" over Uk which equals J(X) on Uk H ij 
whenever this intersection is non-empty. Fixing a Ao, Lemma 2.4.5 gives diffeomorphisms 

4> x : M Ao M\. 
We can use these diffeomorphisms to get 

J(X)^4>\J(X) :=J(X ;X) 
Notice that any J G J(Xq; A) is an almost complex structure on M\ so that 

(4>\)*(J) G J(A) 

Thus, to find a family J(X) G J(X) over C/jt, it suffices to find a path J(X) G ^(Ao; A). 

Now, for A G (Afe, Afe + 2e) U (Afe+i — 2e, A^+i), we already have a choice of J(A) on M\, 
which as above gives us a choice of J(X) G ^(Ao; A). Consider the interval 

Uk \ {(h U n [4} = [A fc + e, Afc+i - e] 

and define the set 

Jk ■■= |J ^(A ; A) 

Ae[A fc +e,A fc+1 -e] 

This set is obviously fibered over [A& + e, A^ + i — e] by ^(Ao; A), which is a path connected 
set of 0t(w A )-tame almost complex structures on Ma . Thus, since the taming condition 
is open, the set Jk defined in this way is path connected. Also, as pointed out before, we 
already have two almost complex structures J(Xk + e) and J(Xk+i — e) defined on Jk-, so 
that we can choose a path J(X) connecting them so that 

J(A) GJ(A ;A), 

which we can then push forward to a family 

J(X) G J(X) 

for all A G [Afc + e, A^ + i — e]. 

In particular, this gives a path J(A) on Uk which agrees with the previous choice of J(A) 
on Ij whenever Uk H Ij 7^ as desired. 

For the rest of the proof, for A G S , let J(X) denote a specific choice of a section of J, 
and J(A) the corresponding family of almost complex structures on M\ which pull back to 
J(A) under the blowup maps. To derive a contradiction, we will produce specific exceptional 
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divisors on the spaces M\ and use J-holomorphic curve techniques using the family J(A) 
above. 

Step 3 (Constructing exceptional divisors on Uk for odd k). First, assume we have some A& 
for k odd which then has isotropy weights (pk, — 1). Recall that we have the resolution 
M\ with its corresponding set of homology classes 

i,j 

Now consider Ik- As in Lemma 2.4.1, we can choose e small enough so that the interval 
h = (Afc — e, Afc + e) satisfies that given any A G (A&, A& + e), M\ is the (j>k, Qk) weighted 
blowup of size A — A^ of M\ k at x\ k . In particular, there is a (pk,Qk) weighted exceptional 
divisor in the class E k ' + which passes through two isolated orbifold singularities of M\. 
Thus, as in Remark 2.3.2 there is an ordering of the classes Zf- from step 1 and a choice of 

indices i\ = 1, m\ and i 2 k = 1, m2 where Z^j has i = 1, . . . , rrij, and a class satisfying 
the following properties. 

(1) E^ ,+ is an exceptional class in M\ which is the pullback of E^' + under the natural 
projection from M\ — > M\. 

(2) For j = 1,2, E*> + -Z>) =1 
~ k 

(3) E*' + ■ Zfr = for all other i, I. 

Furthermore, as A G (A&, A& + e) increases, ui\{E k ' + ) also increases, while u)\{Zf j) can be 
fixed to be as small as desired for all i,j and A. 

Now recall from Lemma 2.4.3 that for some fixed Ao G Uk there are diffeomorphisms 4>\ 
from M\ to M\, which by Lemma 2.2.7 can be lifted to diffeomorphisms from M\ to 
M\. Furthermore, the classes E^' + and Zf- all correspond to E^°' + and Z^° under these 
diffeomorphisms. As such, we will omit the As from the notation, and simply refer to the 
classes as E^ and Z^-. Furthermore, we can use these diffeomorphisms to extend the classes 

E^ as being defined over all of Uk, and we will still have u)\{E k ) increases with A while 
lo\(Z^j) can be fixed as small as desired. 

Now, consider Xk+i which has isotropy weights (— Pk+i, —qk+i, !)• By a similar argument, 
we can produce classes E^ and indices i 3 k = l,mj satisfying properties (1) and (2) above 
and so that ui\{E k ) decreases with A. 

Step 4 (Deriving a contradiction). Consider the class Ef as above. We seek to use J- 
holomorphic curve techniques with the family J(A) to show that for all A G S , the ex- 
ceptional class E^ has a representative which a smooth, embedded J(A)-holomorphic 
sphere such that u)\(C^) is an increasing function of A as A moves counterclockwise around 
S 1 . 

If this were the case, then picking a base point Ao G S 1 and repeating this argument 
indefinitely, we would obtain exceptional spheres Cf o+2lvi , one for each i. Also, since u)\(Cf) 
is an increasing function of A, we would have 

^Ao(Cf ) < ^A (Cf +27r) < • • • < WA (C Ao+2fc7r ) < • • • 

so that all these exceptional spheres would represent different homology classes, and the 
set £\ of exceptional classes in (M\ ,uj\ Q ) would be infinite where by all our previous 
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assumptions, M Xo is a closed, symplectic 4 manifold with 6j > 1, and thus has a finite 
number of exceptional classes. This contradiction would then finish the proof of the theorem. 

We will establish this by first showing that if is represented by an embedded ./(A)- 
holomorphic sphere Cy in M X / for some A' G C/& or A' G Ik, then the same is true for all 
A G Uk or /fc. To finish the proof, we will then show that the spheres Cy can be chosen so 
that w A (Cf ) is an increasing function of A as A moves counterclockwise around S . 

Assume first that for some A' G Uk, Ef is represented by an embedded J(A) holomorphic 
sphere Cj^. By Lemma 2.4.5, we have diffeomorphisms 

4> x : My — »• M A , A : M A / — )• M A . 

Thus, if -E^ is represented by an embedded, J(A') holomorphic sphere Cy, we can push for- 
ward by <f)\ to obtain embedded, J(A)-holomorphic sphere C^ representing Ef, as desired. 

Next, assume that for some A' G Ik, Ef is represented by an embedded J(X) holomor- 
phic sphere Cy. Further assume that A^ has isotropy weights (pk, qk, — !)• The case of 
( — Pk,~ QkA) has an analagous argument with some sign changes. Since A^ has weights 
(Pk,Qk, ~ l)i Lemma 2.4.5 implies that there are diffeomorphisms 

0A : M\ > M\ k , 4>\ : M\ > M\ k 

for all A G (Afc — e, A&). Thus, pushing forward by <fi\, we see that Ef is represented by 
an embedded J(A) holomorphic sphere C x in M A for all A G (Xk — e, A&] if and only if it is 
represented by an embedded, J(Afc)-holomorphic sphere Cf k in M Afc . Thus, to prove that 
we have spheres as desired for all A G Ik, it suffices to show we have spheres C^ as 
desired for all A G (Xk, Xk + e) if and only if we have a sphere Cf as desired for A^. 

To see this, first recall from Lemma 2.4.1 that M\ k+t is the (pk, Qfc)-weighted blowup of 
M\ k at the point x Xk , which we recall does not intersect any orbifold points and hence cor- 

- ' I 

responds to a point x k in the resolution M Afe . In particular, if C x k is a curve representing 
Ef as a J(X) holomorphic weighted exceptional divisor, there is a map 

Pe : M Xk — > M Xk+£ 

so that the restriction 

p e :M Xk \{x Xk }^M Xk+t \C^ k + 
is an orientation preserving diffeomorphism and thus lifts to a diffeomorphism 

p e :M Xk \{x Xk }^M Xk+e \S X k ' + 

where 5"^" is the nodal curve in M Xo+e formed by taking the resolution of C x I as in 2.3.2. 
This breaks the proof of this case into 2 subcases. Namely, if we can define C x as desired, 
we must show that x Xk G" C^ , while if we can define Cf as desired for all A G (Xk, Xk + e), 
we must show that C^ n >S^' + = 0. 

Consider first the case where we have C^ k defined as desired. Recall from step 1 that the 
almost complex structure J(A) was chosen so that x Xk does not intersect any exceptional 
spheres so that in particular, x Xk G" C x , as desired. 

Next, consider the case where we have C^ defined as desired for all A G (A/%, A^ + e). Since 
b^(M x ) > 1 for all A, Lemma 2.5.3 implies that C^ k + n Cf = and that C x n Cf = 0, 
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where C 4 - are representatives of the resolution curves if C A ' k as in 2.3.2. Thus, combining 
these we get Cjp n 5*^' + = as desired. 

We now construct the family . Since we assumed Ai has isotropy weights (pi, q%,—l), 
we know from step 3 that for each A & U% there is a J (A) holomorphic weighted excep- 
tional divisor Cf in the class E^~ . Resolving as in Remark 2.3.2 gives in particular an 
embedded J-holomorphic sphere in the class Ef so that u\(C^) increases as A moves 
counterclockwise around S . Then, since U\ D I2 7^ 0, we can extend this family to I2. 
Similarly, I2 D U2 7^ 0, so we can further extend the family to XJi- A simple induction shows 
that we can define for all A £ 5 1 . Furthermore, since it comes from a blowup at Ai, we 
will still have ui\{C^) increases as A moves counterclockwise around S 1 , as required. 

□ 
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